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Abstract 

We describe solutions of type IIA (N=2, D=10) supergravity built under 
the assumption of the existence of at least one residual chiral supersymmetry. 
Their geometry is of pp-w&ve type. Explicit parametrization of the metric and 
matter field components, in terms of Killing spinors and arbitrary functions, 
is provided. 
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1 Introduction 



The quest for exact solutions of the supergravity equations is an important task 
towards our understanding of (the low energy sector of) string theory. A large num- 
ber of solutions are known today (see for instance Usually they seem to be 
based on ansatze imposed on the metric and matter fields, and once solutions are 
obtained, the existence of residual supersymmetries is checked. Here we shall follow 
a somewhat different approach, inspired from previous works on supergravity || [3| . 
We shall impose from the beginning that the solutions admit residual supersymme- 
tries and deduce what this assumption implies for the matter fields and metric. Of 
course, at some point we will have to introduce simplifying assumptions for these 
fields, but they will be dictated by (the necessary conditions for) the existence of 
residual supersymmetries. 

Our work is organized as follows. We consider type IIA (N=2, D=10) supergrav- 
ity theory, whose bosonic sector consists of the metric tensor, the dilaton field <p, 
and three Maxwellian fields: the N.S.-N.S. 3-form H and the R.-R. 2- and 4-forms 
G and F'. First we remind the bosonic field equations and the supersymmetric 
transformation rules of the gravitino and spin-^ fields. The latter define the Killing 
spinors of the theory as the generators of supersymmetries leaving the field config- 
urations of the solution invariant. We will only have to consider the invariance of 
the fermionic fields, the invariance of the bosonic ones being ensured by imposing 
the absence of fermionic condensates. We shall establish conditions for the Killing 
spinor equations to admit at least one solution of a given chirality. This will allow 
to split the equations into three subsets and show the entirely different roles played 
by the N.S.-N.S. field H and the R.-R. fields G and F'. 

In a first stage, we shall assume that H = 0. This will imply that the Ricci tensor 
of the space-time (and as a consequence the energy-momentum tensor) has to be 
of pure radiation type [see eq. ([TJ)] i.e. entirely characterized by a single lightlike 
vector kfj,. Moreover the gradiant of the dilaton field <fi will appear to be proportional 
to this vector, thereby implying that it only depends on a single null coordinate u. 
To go ahead, we shall assume that the Maxwellian fields depend also only on u, as 
well as all the metric components but one (otherwise the geometry would inevitably 
be singular). So, the metric is of pp-wave type and all field equations, but one, 
become algebraic. 

Then, we discuss the constraints that the existence of chiral residual supersymme- 
tries impose on the R.-R. field components and give an explicit parametrization 
of the solution. We also indicate the slight modifications provided by the reintro- 
duction of a non-vanishing N.S.-N.S. field in the previous framework. Finally, we 
conclude with a few geometric and physical considerations. 

Type IIA supergravity is obtained from the (N=l, D=ll) supergravity theory 
by a S 1 dimensional reduction H §, [/J. The idea of looking for conditions for 
residual supersymmetries have been considered previously in the context of (N=l, 
D=ll) supergravity @, [|. However, our approach and results are different. Indeed, 
we start directly from the 10-dimensional theory, which, as will be shown, allows 
a better control and understanding (at least for us) of the geometric conditions 
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imposed on the fields. Moreover, we do not assume a priori our solution to be of 
the form Ai A x B, where A4 A is a maximally 4-dimensional symmetric space and 
B a euclidean internal space. On the other hand, we would also like to mention 
the work || performed in the context of type I supergravity. Its author starts from 
the assumption of a pp-wave geometry and uses different ansatze before looking for 
residual supersymmetries. He also shows the relevance of such geometries to the full 
quantum superstring theory. 



2 Field equations 

The bosonic field content of type IIA supergravity consists of a 10-dimensional 
metric tensor g^ u , a scalar field and three antisymmetric fields G^, H^ up and 
Fpuvpa and their potentials. Hereafter we follow the conventions of ||. The metric 
signature is (+,—,...,—). The Clifford algebra is defined by { T^, T u } = 2^, 
where the T matrices are 32 x 32 and I n = i T . . . Tg. We remind that in 9 + 1 
dimensions these matrices can be chosen purely imaginary. The Newton constant is 
set equal to 1/4% . 

The bosonic field equations can be written as 
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where the 2, 3 and 4-forms G,H and F are closed, while the 4-form F' is defined as 

F' = F + 2A A H (6) 

where A is a potential for G(= dA) with components A^. Generators of residual 
supersymmetries are given by 32-component spinors rj, solutions of the equations 
defining the Killing spinors of the theory: 



V M r/ + i exp(§0)G Q/3 ( - 145" I*) I u r] 



(7) 
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ex P (|0)FV 7 . ( 17^ - f «y« r^ 5 ) v = 

that implies the gravitinos' invariance and 

IP (V^) I 11 // + I e xp(|0)G Q/3 
+ |exp(-f0)# Q/37 IT^ry - 4exp(|0)F' Q/37<5 T 0/375 I n V = 

that implies the spin-| field invariance. 
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3 Existence conditions for chiral super symmetry 

Following the strategy described in the introduction, we impose the chirality condi- 
tion on the Killing spinor rj: 

i I n r] = rj , (9) 

thereby considering at most one half of the supersymmetries. Indeed, this condition 
limits the number (of positive chirality) residual supersymmetries iV r + to 16. Then 
we project the equations (|S],|9|) onto the positive and negative chirality subspaces. 
As a consequence, the gravitinos' invariance equation splits into 



+ 1 exp(-^)F a/37 ( 17^ - 9^ r*) v = 



(10) 



and 



4G Q/3 ( I* - 145^ IT" 3 ) - exp(-h)F' a ^ s ( T^ s - I^ 5 



T] = 



I a d n 



T] = 



(12) 



(11) 

The spin-1 field invariance equation (||) leads to only one additional independent 
equation: 

1 3 
9 eXp( "4 ( 

indeed its other chirality projection is equivalent to the contraction of eq. (|1(J) with 

A glance at these equations shows that they simplify drastically when H, the 
field coupled to 1- and 5-branes, vanishes. We shall adopt this assumption in a first 
stage. Then, eq. ( |I~0D implies that rj is a covariantly constant spinor: 

(13) 



and eq. (|i~2"D that the gradiant of the scalar field <fr is lightlike: 

V Q 0V> = O 

Moreover, by applying the Dirac operator to eq. fll2|) , we obtain that 

□0 = 



(14) 



(15) 
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From the integrability conditions ensuring the existence of the covariantly constant 
spinor 

iW = (16) 

and from its contraction with T u , we deduce that 

R m T a V = . (17) 

This implies that the Ricci tensor must be of the form 

R^u = r k^k v , (18) 

where the proportionality factor r can be set equal to 1 (owing to the positive energy 
condition satisfied by the matter energy-momentum tensor). The vector field k^ is 
lightlike and the Killing spinor verifies 

k a l a r] = , (19) 

as an immediate consequence of eq. ([TED- This implies that again one half of the 
remaining chiral supersymmetries are broken and < 8. Furthermore, as eq. fll2"| ) 
reduces to T a d a 4>r] = 0, we obtain 

K 4- . (20) 

Hence fc M is a null, non-twisting, geodesic vector; the latter property results from 
the Bianchi identities. Moreover eq. (|13D implies that the vector field fj T^rj is also 
covariantly constant, and eqs (§,0) that it is proportional to k^ . 



4 Exact solutions 

In order to go ahead, we have to make ansatze on the metric and the remaining fields. 
The existence of a covariantly constant vector field strongly suggest to consider as 
space-time geometries the so called plane-fronted gravitational waves with parallel 
rays (pp-waves) [see ref. 0, chap. 21 and the references therein]. Accordingly, we 
specialize the metric as 

ds 2 = 2du(dv + A[u,x a }du) -Y, ex P( 2B a[u})(dx a ) 2 , (21) 

a 

where the index a runs from 1 to 8. Moreover we suppose that the scalar field is 
not constant. It can thus be chosen as depending only on the first (null) coordi- 
nate, denoted hereafter by u. A simple "natural condition" consists of imposing as 
structure of the skew symmetric tensors 

G = d<f>Ag[u) i(d u )G = 

F = d(p A T[v\ i{d u )T = (22) 

Moreover, to ensure that the Ricci tensor has the structure (0), the trace of 
the energy-momentum tensor has to vanish according to the Einstein equations. 
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Equations (^,^) lead to an expression of the trace that is positive definite, and 
given by the sum of quadratic contractions of the fields G and F. In order for the 
trace to vanish, the 1- and 3- forms Q and T must satisfy: 

t(d v )G = , i(d v )F=0 . (23) 

As a consequence, the quadratic contractions of G and F that occur as factors of 
the metric tensor in the matter energy-momentum tensor [see eq. (|I|)] and in the 
scalar field equation (Q) vanish individually. Furthermore the only non-identically 
zero component of the energy-momentum tensor that remains, is T uu . 
So, the Einstein field equations (|l|) reduce to R uu = 2T UU i.e.: 

Z a exp(-2B a )d%aA - £aexp(-£y^exp(£y = 

(d u <P) 2 [| - 2 exp(| <t>)g a g a - I exp(§0) T ahc T ahc \ (24) 

To cancel the x a dependence of A in this equation, we have to impose that its (flat) 
Laplacian with respect to the rescaled variables X a = exp(B a ) x a depends only on 
u : 

Y,d 2 x «A = h[u] . (25) 

a 

Hence, 

A = hi[u}{X v f + A[u,X a ] , (26) 

where the function A is a sum of products of arbitrary -u-functions by harmonic poly- 
nomials of second degree! so as to ensuring the finiteness of the Riemann tensor. If 
we accept space-time singularities, for instance for introducing sources (branes), the 
function A can be more general. If it involves harmonic polynomials of degree larger 
than 2, it will lead to singularities at spatial infinity. If it involves d-dimensional 
(d< 8) euclidean Green functions of the Laplacian or their derivative, it will lead 
to singularities located on 10-d space-time submanifolds [describing shock-waves or 
(8-d)-branes moving at the speed of light]. 

Thus, at this stage, we may arbitrarily choose the w-dependence of all the functions 
B a , A, 4>, Q a and T a b c and fix the value of h by eqs ( p4| . f25| ) : 

h = J2^M-Ba)dlexp(B a ) + (d^f 



| - 2 exp(^)^ Q ^ a - i exp(~0)^ a6c ^ 6c 



(27) 

Note that, if we assume the metric to be non-singular, the second derivatives of 
the functions exp(5 a ) have to be non-negative. As a consequence, it is necessary 
to consider the function h that will be positive, unless all the matter fields vanish 
and the functions B a are constant. Hence, before imposing the existence of residual 
supersymmetries, the solution obtained depends on 8 + 35 arbitrary functions ap- 
pearing in the metric (if it is non-singular, otherwise more) and 1 + 8 + 56 in the 
matter fields. Actually, one of these functions (if not constant) may be set equal to 
u, just by redefining this coordinate. 



'Constant and linear functions can be eliminated by suitable coordinate transformations 
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5 Residual supersymmetries 



First note that in the coframe defined by 6 U = du, 9 V = (dv + Adu), and 9 a = 
exp(B a ) dx a , the only non-vanishing components of the connection 1-form are coaa — 
J2a ^ x P(~B a )d x aA 8 U + d u B a 9 a . Hence, owing to eq. (JT^) that reads now T u rj = 
0, the covariant derivatives of 77 reduce to ordinary derivatives and the solutions of 
eq. are simply given by spinors whose components are constant. In addition, 
to be a Killing spinor, 77 must still satisfy the algebraic condition : 



g a r-^ex P (-^W afec i abc 

o 4 



n 







(2? 



that results from eq. (|Tl"|). The simplest way we found to discuss this equation 
consists of using a representation of the T-matrices built from 8x8 real euclidean 
Tj-matrices (i = 1,...,7) and r 8 = H§, the 8-dimensional identity matrix. In 
this representation, the 32-component spinor 77 is expressed as four copies, with 
appropriate signs, of an 8-component spinor £ and eq. (EBT) reduces to: 



'^iB + ^ri-iexpC-l^r 



ij 6 



^expt-W^r: 
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ijk 



(29) 



The rank (n < 8) of this linear homogeneous equation fixes the number of residual 
chiral supersymmetries as = 8 — n. Moreover, each such residual supersymmetry 
reduces the number of arbitrary matter field functions by 8. For instance, iV+ = 8 
implies that the matter fields G and F vanish, whereas iV r t = 1 fixes the components 



-exp(- i 0)^ k er ijk e 



exp( 
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r 



(30) 
(31) 



In order to describe the general case, it is useful to introduce an orthonormal basis 
{Xi, I = 1, ■ • ■ , 8} of the 8-dimensional spinor space and express the matrix 



I 8 + ^ 1 r i --exp( 



-^)^ 8ij rij - ^ex P (-^)^ k r ii 



ijk 



(32) 



as 



p [i ' j] X[ix.j] + Q 



X(iXj) 



(33) 



The p[ /iJ l and Q^' J ^ coefficients, and the matter field components are related as 
follows: 



p[i,J] 

Q {I ' J) 

g 8 
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g l Xi^iX.J - ^exp(--(j))J r8 ^xi^^XJ 
^ 8 5 /J -iexp(-^)^ i j k x/r ijkXj 
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(37) 
(38) 
(39) 



Using the spinorial representation ([33]) of the matrix of the linear system defining 
the residual supersymmetries, we see that imposing the existence of iV+ of them 
implies that 

p [i,j) + q(i,j) _ q for J = i, . . . , (40) 

in a spinorial basis such that the iV+ first basis spinors are those defining the residual 
supersymmetries. In such a basis the solutions of these equations read 







Q(I,K) = _p[I, 



for K,L 
for K = 



N+ 



(41) 



putting into evidence the 8 constraints imposed by the iV+ residual supersym- 
metries. So, by choosing the functions p[ /,J ] and Q^ 1 '^ according to eqs ( [41]) and an 
explicit representation of the 8x8 T-matrices, we obtain immediately the expression 
of the matter field components by eqs (p6|-^9|). Moreover, the metric function h(u) 
[eq. (^7|) 1 can be expressed in these terms as: 



h = Y J ex v(-B a )dlexp(B a ) + (d u ^ 
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+ i exp(^< 



£ [(Q (IJ) ) 2 + (p [i 



I, J 



(42) 



6 Reintroducing the 3— form field 

In order to simplify the equations, we have imposed almost from the beginning that 
the matter field H vanishes. We may however introduce it in the previous framework 
by imposing that its structure is similar to that of the G and F fields [eq. fl2"2|)l: 

H = ^AK[«] i(d u )H = i(d v )H = . (43) 

This form ensures that the matter field equations (|2] to |5|) remain trivially satisfied 
with the 4-form F replaced by F', which remains of the form (^), while the energy- 
momentum tensor, except for this last redefinition, changes only by the addition of 
the extra contribution in T uu : 

(<9 U 0) 2 exp(-^)H ab H ab . (44) 

The residual supersymmetries, which must satisfy eq. (|P2"D, are still given by spinors 
obeying relation (|l]J). Moreover, they continue to depend on the sole coordinate u 
and must be solution of: 

dn 1 3 

eX p(--<t>)d u <t>H ab I ab V = . (45) 
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These spinors can again be expressed in terms of 8-dimensional spinors that have 
to solve the first order differential system: 



du 



(46) 



where the matrix Q is 

n = 



(47) 



This matrix being antisymmetric, the solutions of eqs (46) can be chosen orthonormed. 
Actually, starting from an orthonormal basis of the spinor space, and rotating it with 
an arbitrary w-dependent SO (8) matrix, we obtain 8 orthonormed w-dependent 
spinors that may be used to parametrize the field strength 7i from the rotation 
velocity of the spinorial frame. According to the subset of these solutions that we 
want to be residual supersymmetries, we obtain the same parametrisation of the G 
and F fields given by eqs (|36"|to |39|) and fl41|), where now the spinors xi are explicitly 
M-dependent. 



7 Conclusions 

We would like to notice several points. 

1. If the spinors rj and rf are both solutions of eq. (|45|), the vector r( T a r] is a 
Killing vector, which is covariantly constant if H = or 7/ = 77. But, due 
to eq. (0), its only non-vanishing component is k v . This explains why the 
introduction of the metric component A[w,x a ] does not affect the supersym- 
metries. 

2. Here above we have only considered (positive) chiral supersymetry generators. 
Of course, this did not exclude a priori the existence of other supersymmetries 
generated by generators of negative chirality or non-chiral generators. For 
instance, it is obvious that if the R..-R. fields vanish, there exists in addition 
to the 8 supersymmetries described in the text, 8 other supersymmetries of 
opposite chirality. More generally, when some combinations of the components 
of the Maxwellian fields vanish, extra supersymmetries with negative chirality 
appear. For example, it will be the case if Ji = and only the Q 8 and JF 81 J 
components of Q and T are non-zero, or if TC = 0, and only Q l and arc 
non-zero. 

3. It is worthwhile to notice that our basic assumption of the existence of a chiral 
residual supersymmetry " naturally" leads to pp-wave geometries whose quan- 
tum properties are quite remarkable: positive and negative frequency modes 
are well defined on them, and they constitute solutions of the effective field 
theory of superstring theories to all orders in the string tension parameter ||. 
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4. The main property of the solutions we obtain is that they depend on a huge 
number of arbitrary functions. From a geometric point of vue, they correspond 
to pp-waves. Physically, they represent waves traveling along null curves gen- 
erated by the (covariantly constant) vector k^; the various arbitrary functions 
occurring in the solution describe the profiles of the waves. An apparent weak- 
ness of such solutions is that their energy is infinite, except if the appropriate 
spatial coordinate is compactified. Nevertheless, they can be considered as 
approximation of radiation fields (which could have been emitted by radiating 
branes?) propagating in a given direction, on a general background |T(| . 

5. As emphasized by F. Englert [JO]], the Aichelburg-Sexl metric [0 is of the 
type discussed here. Accordingly, in 10 dimensions, the metric describing 
the gravitational field of a black-hole moving at the speed of light admits 16 
residual supersymmetries, which will be maintained if we reduce this geometry 
to 4 dimensions. This is to be put in relation with the existence of short 
massless supersymmetric multiplets. 

We are grateful to R. Argurio, F. Englert and L. Houart for useful conversations. 
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